


More structures on the

space of modular forms :

Petersson inner product
and

Hecke operators



Petersson inner product.

Definition : Let Mx(r) be the space of holomorphic
modular forms of weight K and congruence subgroup /.
Let Sk(t) be the analogous space of cusp forms.

The map7 ...> : Malt) xSo(W)-

<- , g) : = Cf(z)E) [mE)" dMiz)
Er

is called Petersson inner product , where
Fr is a fundamental domain of rh

-dadydM(z) = Y z = x + iy , X
, y +
R.

* SL(IR) invariant measure



Questions :

① Does this integral converge ?

② Does the definition depend on our choice

of Jr ?

Lemma : The integral is absolutely convergent , does
not depend on a choise of T

,

J and

the Petersson inner product is a positive
definite Hermitian form. on Sp(t).



Lemma : The Eisenstein series EEMk(M)isa

orthogonal to Su(t) w
. r. t

.

Petersson inner product.

Proof : To = Stab() = [F(m) / neIY
.
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Remark ; For T: dim (Mr(Ti)) - dim (Su(m)) = 1 ,
K 4

Mr(in) = CEr@Sa(G)
For other groups

T be define the Eisenstein space

Er (t) as Sett w . r .

t. Petersson product.
Poincare series

Lemma : For ne there exists a unique

cusp form PnSIt) such that

< f
, PnPetersson = <g(h) for all f-S(t)

-

ainz
Remark : 0 Pu can be computed explicitly Pen,k 2 e It

for 174 SETTI
② From this representation of In the Fourier coefficients of On
can be obtained

③ This Fourier coefficients are represented as a sum

of certain infinite series
,
and are transcendental in general



Hecke operators .

Let US do the case of I first.
2 definitions :

View modular forms as a function of lattices
Let F be a function on the set of Lattices NCC.

Suppose that F satisfies :

F(x .x) = 2
x F(X)

,

Jek"

Define f : h + & by f(t)i = F(x + +]) .

Let+=h and 198) +SLKA:

f() = F(1+)=d)? F(+d)(+ (a++b)()
= (ci+d) F((x + t() = (i+d)

+

f(t)



For me
, 1

we define the m-th Heck operator

TmF(() : = [ F(x)
XCX

[Nis] = m

Now we need to translate this to the language of f.
Suppose X = 1 + -I

,
XCX ESiN] = M

,
then

U
X = (at+ b)7 + (ct+d) for some

(8) Mexz (1) with det (2) = m .

Tmf(x) = h I (5 +dig)normalization (98)t\Mm # set of



# This definition is equivalent to i

4) Tmf = m1 Z f()
ad =m E mod d
a
,
d > o

Lemma : The collection Ami = [()lad = m
,
Octady is a complete

set or right coset representatives of -Mm . Mr = NT. M
M - Am

On the level of Fourier coefficients :
ziint

Suppose f(t)= (nie Then

C ( eTmf (t) = (m) u(z) y(mm/rz)
zint



my
,
Mzf x1

Lemma ; a If (Me
, ma) = 1 then Tm · Ta = Time

T

6) Tm · Tn = Tn. Tm m
,
n = 7/

Proof : Exercise
.

Reference : H
.
Irraniec

Topics in Classical Automorphia

Forms..



# Another definition : Double coset operator

Read A first course in modular forms
"

Section 5
.
1
.

Mocke operators are defined for T(N).

Today : T = T1



Theorem : The Hecke operator Tm is self-adjoint
with respect to Petersson inner product.

Proof : Topics in Classical Automorphic Forms
"

Step1 : Action of Hecke operators on Poincare series

(TnPm)(z) = (d) Pm

Stepe: m
,
n> 1

mK- TnPm = n"TmPn

Step3 : < TnPm
,

PeL = < Pm
,

TnPe) melon , e e T1



Lemma ; For K2
,
mc0 and > 1 we have

TnPm(z) = [
dim

, n)
(n/d)
*

Prud?
Proofi

We notice that

(ThPm)(z) = [ (Cgz + dg[xim g(z)
geToMn

Let A andB be any sets of right coset representatives

of 57/ and ↑Un respectively.
Then naturally BA is a set of right coset representatives

of To Mm.



In Pm(z) =n kpuz +dem

= n d[[pazdem
6(modd) deA

= nk+ [dr[(z +de
ad = n

dim

uk
- 1 [ dI

ad = n

"

Pa(z).
dim



Corollary : min Pm = n
**
Tm Pr

Corollary : For m
,
n, 1 and f M

,
(1)

mK+ < Tuf
,
Pm) = U+< Tm F

,
Pn7

Theorem : For all fMr(M)
, gESiCEI

< Thf , g) = < f ,Tng]

Proof : It suffices to prove this formula for

f = Pm
, g

= Pe m =
2
, 0 ,

nely
, 1

Assume m + 0

< TnPm
,
Pe) = < TnPe

,
Pm> = < Pm

,

TuPeY #



Definition : A cusp form feSIM) is

a Hecke eigenform if it is an eigenrector
for all Hecke operators Tm, melc, 1.

Theorem : The
space Sc(ti) has basis consisting

of Hocke eigenforms .

Lemma ; Suppose that Tmf = Xmf , meTL, i
Then G(m) = xmG(1)

Theorem (Multiplicity one) Suppose that f , geS, (5)
are Hecke eigenforms and Tmf = Xmf , Tmg = xmg

for all me1 1 .

Then f = c . g for some eeC



Eigenfunctions of Hecke operators .

Examples :

this can be checked from
① Eisenstein series a

Fourier expansion

② Ramanujan A function

↓

① SCEk = k => Tm-s are self-adjoint

Tm(Sk) = Sk
Therefore Tm (DEx) [K . Ex

② dim (S,2) = 1 => Tm (C . A) EC.A

I? m such that TmA = 0



Let feMis(T1) be a Hecke eigenform .

We normalizef st (y(1) = 1.
Then

Cf (m . n) = <(m) · ((n] if (m
, h) = 1 , MneTh,

C(p
+

) = ((p)((p) - p((pt) if p primera,1

&efinition : The Hacke L-series of feS It. ) is

L(f
,
3)=

Theorem (Euler product) If - is a Hecke eigenform , then
-I

(p)L (f
,
s) = prime (1 +# + +... > =(1

- ((p)p+p2)
ps



Lemma : Suppose that f is a msp form of weight
um

RE21/ and group T , and I has the

Fourier expansion
-

f(z) = I < (n) arinz

Then -(n) = 0 (n'
*) as no



Proof : Let feSk (t).
K/2

Then the functionIf(z))Im(z) =: g(z)
is T1-invariant .

Moreover, g(z) is bourided as zeh

Suppose (g(z)) < C ,
zeh for some CERR, o

We estimate the Fourier coefficients of S in the

followingwayi Yo > 0
- zxinzdz

(f(n) = f f(z)e
igo

igot

1f(n= (f(z)Ein z we choose z)Im Imi
i/n

5 S If()ImznRezdze
This finishes the proof of the lemma



Estimate (f(n) = 0 (n) implies :

L (f , s) converges absolutely in the half-plane

Re(s) > 1 + 1/2

Definition : <
*

(f
,
S) : = (2x5ST(s) ((f

, 5)

Theorem : Let f be a cusp form of weight k

on the full modular group.
Then the

L-series L(f ,
5) extends to an entire function

of S and satisfies functional equation :

L
*

(f
,
k-s) = = 1)

** [
*
(f

,
5)



Proof : (
*

(5
,
s) = (4) T(s) ( (f

, s) = 3
We use the identity g stezint = Ralis) is

3 in
= getf(it)dt

,

Relsi E + 1

·
This integral converges absolutely for all se K,
becauseI is a cusp form and

If lit)1 = 0(34t)
,

+ - 0 and If (it)1 = 0(Ef
** )

,
+- o



Now we use the modularity of f
&

9t+ f(it)dt = 6 Ef(E) det
8

& change of variables
t 1

U

&

[ 6 S f(in) ide

= (d=



Ramanujan conjecture
24inz

D(z) = +(n)e
n = 1

In 1916 S
. Ramanujan conjectured that

| +(p)) -> 2p
*
for all primes p .

It (n)) < d(n)n
where din) is the number of positive divisors of m

Ramanujan-Petersson conjecture
for holomorphic cusp forms

1 x(n)) [din)
Here x /n) is a properly normalised Hecke eigenvalue
Theorem (Deligne 1971)

,
Deligne -Serve 1974)

↑ for weight I


