


Moce  steuchures on e
Space of modulac ooms ;
P@/f ersson  inver /ocoo[uu&

and.
Hecke op ecators



P@”(?(QéOVL el Prooeuc)&

Pefinition: Lot /WK(V'} o e Space of @oﬂow,@c
o dudar forms  of ’wedg% ko ond congruence subgcoup [

Aof SK(F> bo. +hae axma/&/ws &lbacé Qf cusp - forw,
TRe rmau‘o . , .>fdun<r>>< 5;(?)—% T

5,471 = 3 5 g @) dped
6}'
1% called P@ﬂLe/rssOVl/ mner Fmoﬁu&e/ wlare
?“ 15 a WAWWJC@Q O{@Ma/ﬂ/\ 05» '\\QL/

0“/\(%5’- gz&‘«c&% 2 =AY x,ge@

{———— SL.(R) Invosrlomt measure



Qu@gjn‘wéi
@ TPoes s E,\/\'):Qa(‘@& @04"0@/(\3@?

@) Does e J@&“w‘%@m ﬂ@&fzem( on  our cluice
0f T ¢

O(»QWLWUI IMJF?JTQ/Q 1S w@MZmﬁ@ wﬂﬁfef’?@uié oéoeg
th OQQPQAAOL om. A M_ge_ of V and

%Lm Pe‘fé%’ggon_ e ‘pmoéuof 1S o P@@ﬁ(/@
defwite  Hetwiton  foom on S, (T ),



o[,Ufwma/( M 61’§e¢45+@{w seres EK € /VlK (EB
orthogonal o S (D) wret Peterscon  inmer prodyct

Proo s Too = Stabo () =12(07) | nez }
4‘ (C d) = (C’C’-i'oa\)

Z (C"t+a@)'< B \S (&>X > (c-c+g() _EK(?:)-

'< ¢,d) (c,d)e Z\O

X (T) +(TD Iw—wo\ (T =
TR 30 4



gEK(t\ (T Ivth)kok (T =
AN 3C 4

:J (E 1\\]‘) Feo) Tnees AT

TNR T\ T,

- S v d) e Y E () Ty duew)

I\ (28)emnry



— T+ a’t+@ K
D\jﬂ (?‘%r\f 4 e d) HC“*‘D b (2)” dpe (%)

avr +8 . _QM_K attb
[ 3 sl () e ()

(1

AN <% ce)e N\ =
. SN
- | 7 TS dps
NS ) >

27N

= eming) o %
§<Z C WnH)e )IWﬁK OUA (= S j <4§‘Cf (VD elnc'(x*rij)lfb) gK.zAMb

X13%x +iy, 0 ~,



Ramatte: For P dim (MKUOB- dim (S(T; )> =5 ; k> &
M (0) < CE, @ 5(5)
For otver groups T be defue tw Eceudeis <peco
Sy (T a 5,CU'>L wrd  Fefecscon Frodmf_

POI‘vncﬂxe secies
OQW\VV\&L{ EJr n &€ 7_/>/ {Aefe QX/HS a W/?VQ
N NANANNA 4

cusp  fom  F, € S () suh that
LE, B2 = foat §e§0)

V‘ Peterseon y
—_— mez) N
K

Remodr DPa can be Cﬁ)mpw"recl QKP\”‘”’L)Z’ Pv@”/ @V\/1<‘7/€
Sfor WK 24 el
@ Tvom e vepresesahon o) Py the  Foucier coetfidente 035 E}

Cam  be  oftained_
Tl/\(g FQ{,\({@( cﬂeﬁ\um ace. CQP‘(@M@O’{ ) a Sz
of witoin  whwide sexies, aund ore  Acomsemdaital in gwr%



Hecko op erators ,
Ik us  Jp He cace of [,  fist
vy dejﬂ‘m‘ﬁ‘@wa |
[l Uiew  modulor forms  as g ﬁwoﬁbn_ of  batbices
dt F be a function m He set of (atbies JC T
S”prm thad F saticfies:

F( ) =¥ F(L  we
Define { R—> C {7 LTy = \:(7l+77i>.
ot T ef amd (2 §)eSL.(B)

§ <aT+ @) _ F(Z* ace b Z} = @?LO()K' F((Qtw@)?b#(aﬂ@@

cT+dA CT+ ol

- (C_T+0/3KF(Z+z7L> = QC’I#%){J(TD




\:or m &€ 7L7/i we d)eff‘me f//w, WH% Heckg Dperafof

T.F(WDi= ) F(A)
N
[l T=m
Now  we jpeed to 4ramslefe tus o e [ij/e of £

Supppse = Z+ UL, L [LANI=W | then

JL/ = (ateb) UL t Ccord )7 for Some
6S Mzﬁz(z» with et (iég):m

~K az,’ng
jc(t n% (2 9)el\ U (e d) J[<CT+”£)

M F— el of matsices




= Tt d@%‘w‘%‘ow S 870{[2@@% 4

(1) an[‘ M Z Z Jf<a2+3>

Alg =1 £ mod o
aa(>0
d(lLWlVVla: The  collechon o{( \ao( ", 0<Q<J}J k a complete
Seb of  rigt coset feprew,&a%veg of r § J./Lm U \r M

M 6Am

On tHe level 0][ Fourier  ¢o 39'&(64/12[5 ,
g‘*«[DPOSe DL(?: Z C (n) eﬂm’t Theu

k] MU T
Tufco - WZO < %@ T Cj(mﬁ%tﬁ e
>0



VV‘/I) MZ < ‘ZA?/I

Lemma ) TL (mym) =4 thon T,

é} TVV\'F’;\ - I—n'lw\

P(ot)& \ fxefu*se

Roference : H. Twanrec

Topnc% w Classical

Focms |

| Auwtomovplic



> Auothec Je%‘w‘{w‘omz DouBle (ot ope(w?:o(‘

[Lead l A ﬁ’lTSJF course  in modular jOfWI&“’/
Section 5.4

H ecke OPMMFOW% afe dﬁ{v‘meo{ for I; (/VB

—_—

?m@axj: =1,



—_——

T%eorem ,’ m H@U/ée/ oFemﬁor /m = I@Zf~a0g/’0/'wf
Wi th respeoﬁ To P@/?LErssan/ el ‘oroothiﬁ.

Prooj: . r\\o(s{cg w Classical AWJC{‘OVY\O(\\O\MC %CWJSV
M{ M'Ol/\ 0]( Hec& Ofs@rwkmé on Po)wcaxre or1es

(TV\ ?m\<%3 - O(Z @/0“-] PWW\oFZ
Ghpee  mpn 4

N —— K-1 7
N\‘(\ IV\PW\ - N IW\?")

Stepn: £ ToFn, P> = <y N> med, 1 & € 2



o[@/mma,,‘ Fov l<>7_/ Mm=z0  gud nz1 we hmfe

-|
T. T (=) = } ><W/MK o 4
(M,

ProO&‘,

We majcfce Unaf

K 2aim ?(%)
(T B (2D = ) (cgzedyd € ,
e TNy
o(y/t F oad P be Wy sets  Of Wjéﬁ cosel represeqtotives
of ':o\r amnd. [\\MVL réepecﬁ;"u“e%(,
Then natura Zé;/ BA s a set of right coset represen tatives
of [\ A,



LR=r"2L L (cz+d

277/%/{/50( (2)
M pe o /M>

S Qf’((%)Jrg

_ V\K—’ Z OQ"K L Z (C - +0(°J 6277/144,

ad=mn, g(moaﬁ d) odef

L/\Kal Z <c _ +5f B ‘Z,m 0((%>

af\v;f A€ A
5 K- =l
- h % d ﬁ% (&) m»

d \m



Corobéary mw ' TR = T, T
Coro@Qoug; For mu=z4  and gtévdk(r/O
m L TE B> = <T S, B

Theorem: fFor all £ M (E), ge S
<TV\§) %> = <g,~|’v\8>

Prook 1t suffices t prove this Jormula for
:g_:PVV\) %:PQ/ MGZZO)WGZZ”

]GFSQMW\Q/ M+ O

<TP B> = <R B>=<% Lu>®@



@eﬁw{gon: A cusp form J[ € 5,( (D\ =
o Hecke efje/mform /'f it s awm P//‘jemf@wé@"
foc atl Hecke O/De/m/bors 7;:4) mels .

Theorem 1 The spae 5 (1) has  buas  consishng
of Hecke  ergenforms.

hemma Su/opo.s& bt Ty £ =244 wels,
Tham Ca((vw)=7tm%”>-

Theorem (/Wuf/ﬁ‘p&‘u#&f one.) §u/opme tiat f,ﬁéSK (l, )

e Hecke ef‘gemforms ool Tmf:;\mf/ ngzAmﬁ

x
for all me [~ 4 Then, f=c9 for  yowme ceC



Ciu'gemafumcjcfoms Oj Hecke OPG‘VQJCOWS.

& xampl :
: P MS Cam ée_ c}lec/ceaf «Ff&m

@O Eisenstein  series 4
Fowcienr ex pauts{on

@ QW@WJW, JAN J[mab'an

1
9 CE,. = S, = T,s are self- acljoint

TWI@KB - éK
Thorelore. T LGEKB C . Ev
@) %MQQ?’B 1 = T (CH=SLTCA

AW cum bt T A =0



dot JC S |/4> o a Hecke eigengorm .
We “O‘W%e § st CG(4D=41.
Then

Cg(vvlfl/\\ =C(m)-Cem) if (mn)=1 | wmuel,
C (PW3= C (P (P - \DHC (p ) i p privew> 1
Defuion: The  Heoke L- ceries of {5, (17) is

L 5= Z s (D)

V\S

TI’\QOFQW\ Cg/(,(ler P(\O(‘JMCA%> TL £ is e Hecke eigendorm, then )
2 - )
L(f,E)‘ Il L’HC(P) C(P> B ﬂ /- C(P3P+P/<’S)

P piime P P wme




f W@W
: S a cu J%fm o ”
féwz/f J[ (S f/D hé{
s é%b/;; wd  groen [, and
=~ >0
FOan‘e( e/xpcwzs:on \em
) Z' CD(CW Ve as h- eo
l«f{%) c iy =0 (n7)
T hen

nz



Proof', Aok JC c 5}( (T, )
Then  the ﬁmc/bbn JC(%)} Im[%) 19(2)
1S C ~invariant |
Moreover g(%) & bounded as ze }QL
gocppose [9 (2)] < C , 2€ A Lo some  CER,
Wo  edimate +he Fourier coefhiveuts of & in the

j/@U@WIV\(j it Og

- 2= £/0>0
Celn)y = j JC<% e O/‘W%e horce -
;'yoflqy” | ﬂo:‘:,‘ fﬂj T i Bz —hwg‘
sl Jime - | J g e
U] 1Yo » \ZW,'M,QG(%> . -
< y }3[(%3%(%3 } /e JJ% < @.e . N

1/n This finishes the proo§ of the lewma



Cotimate Cf (h) = O(Y\K/2> implies
OC (fr,S) converges a/éso&fe/g 'y tle Ao//f—p/ane

Re (5 > 1+k/2

D@]@W‘J{OV\: o(%( § aDi= (zwig NS ($,9)

Theorem @ dot f be a cusp - form - of  aveighit 3
on the Sull  moduwlog group - Then  the
L~ series L(£, s extende T an ewbie  fumchon
0f & amd  safshes  fumebonad ee/m;?v‘om:
L¥ (£ ks> = @137 F(F,9D



Rook i 1T (£ @y =@ny [(s) L(f )=

2ﬂn%

We mse %Me>tﬂem%&ﬂ j—f dt = th)f?a)ms

; _ nifg(ﬂ Ojts-i ézmlc -

TG A, Reey> 5

f
Tlf!l's ‘L\H:Gﬁ(‘aﬂ Comveffje% a)@soecxj@/lj :FO(‘ aﬁﬁ S € CE

because S s o wep fotmi  oud

].\g(t{;)[ - O -277{:> t>00 gud IDC(L“I:BI O(t QC 3 t=>0



/\/OW we use the //V)Oa/uéam'%j of J[
[ e at = [ iy ae
0 0

Chom ge of vultables

/
tHEE

wo o L (1) wdu

*
n L d = LS s i



Ramanu ian com"‘ec{;ufe
A = 2THIN =2

AN(=2Y = Z T e
o +tWhat
Tn 4816 <. Ramaw&av\ col/\j@C‘l:bLfeol, o

1/, |
\—C(F)\ < 2P Lor clll vames P

Ramawu'\av\,— Pe’rer SSON comjed:ufe

| A0y € d \ "
= a Properhﬁ y\orma!&'seo( Heoke QISQV\VQ/ e

Theorew ( Deligne 1334, (Deligne-Serre. 1974

T sor we’ght

Here ey



